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In his paper [1 ] the author formulated the problem of flow past of pro-
file with the occurrence of local supersonic zones terminated by straight
compression shocks; in his paper [ 21 he formulated the similar problem
for the case of curved compression shocks.

For this it was necessary to give the hodograph of a part of the pro-
file and also the hodograph of the compression shock itself. The profile
is determined by the latter condition, so that this problem is not direct,
but inverse.

In the present paper we show how we can construct, to the first
approximation, the flow past an arbitrary given smooth profile with a
given velocity at infinity, assuming that we have already solved the
problem of paper [ 1] for a case giving a profile close to that specified
in the data of our problem,* The first problem will be denoted for brevity
by I, and the second by II.

It is sufficient to consider the upper half of the flow - above the
zero streamline, which consists of two infinite half-lines, lying on the
x-axis, and the upper portion of the profile. The upper portion of the
profile obtainedfrom the solution of Problem I will be denoted by LO. and
the corresponding portion of the given profile by L (Fig. 1).

The distance of the points of the profile L from the corresponding
points of the profile IAY along the outward normal to the latter, will be

* For certain conditions the problem of paper [1] has been solved by
Devingtal’ [3].
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denoted by On(o), where o is any parameter which varies along the profile
L% It is assumed that 8n(o) is a sufficiently small quantity.
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Fig. 1.

The stream function wo. corresponding to flow past the profile Lo,

satisfies in the hodograph plane the equation which to the first approxi-
mation coincides with Tricomi’s equation:

gy + Yoy = 0 (1)

Here @ is the angle of inclination of the velocity, » is a known func-
tion of the modulus of the velocity, employed in the tneory of transonic
flow.

Let us recall the formulation of Problem I in the hodograph plane
(Figs. 2,3).
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Fig. 2. Fig. 3.
The boundary conditions are the following:
4° =0 on HCABD, {2)
§° = kp™Vrsin Te+0(1) (3
in a neighborhood of the point A4, where
p= ]/62 + 2 —mg)?
(psint:ﬁ, pcost:%[ﬁ"—-«n’f;]) (4)
¢° (90, 7y = ¢° (e(;, —n). ‘1)90 (er 7 =0 (5)

on the vertical segment FGH (here FG corresponds to the front side and
GH to the rear side of the straight compression shock)

$°(6,0) = f(6) on ED (6)
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Here EF is a characteristic. On this curve no boundary conditions at
all are given, The curve DF, on which900= 0, is determined later after
the solution of the boundary problem.

If it is assumed that the points B, C are points where the profile
forks, so that the values of the velocity there are different from zero,
whilst the values of n are finite, then the curve HCABD is finite,

In this case the problem has been solved by Devingtal’ [3 ]. His so-
lution was obtained under the conditions A = B= C (Fig. 4).

)
e o e

\

=
~,

Fig. 4.

After the solution of Problem I, by means of the well known formulas
of Chaplygin, we find the shape of the profile BDFHC in the physical plane,
and also the straight compression shock FGH.

For the solution of Problem II it is convenient to make use of the
perturbation in the modified stream function [4 ]
30 = 0 — ©° (7)
where
w° = ¢°— P _(uy® — vz°), w:q;-—L(uy——vx)

0
Here x, v, xo, uo, are the values of the Cartesian coordinates in the

physical plane corresponding to 0, 7 Problems I and II, respectively.

The functions a)q o and therefore also Sw satisfy the equation
9 Bwn)
0 Zn | T

to the first approximation in the hodograph plane.

For small values of 8n(0) the value of Sw is known on the curve HCABDF
of the #, n plane to an accuracy permitting only errors of the second
order of smallness; we have (4]

0 = —_P_win 9)
Furthermore, on the curve BAC, 6n = 0, 6w = O.

At the point A we also have 6w = 0. To establish the conditions on FGH
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we recall that the compression shock in Problem II is, generally speaking,
no longer a straight line. Corresponding to it in the 9, 7 plane there is
a certain curve F'G'H’, close to FGH. On this curve we have the conditions

[2]

$o= 1 (10)
doy = Vq: V—m— ndds
(Cz(x—giy/x-—l (x+i)‘/8\) (11
dos = r V= — mede /

where the indices 1, 2 correspond to the front and rear sides of the
shock. Moreover, the guantities 61, 62, N4, 1, are connected by the equa-
tion

0,—0; = —E:V— n—7 (e —m) {12)
V2
We are considering the quantities 6 0 0 - BG to be small, and
therefore, the quantity y/ - Ny~ 17, is of the same order of smallness,

whilst the quantity (- 7y = M,) is of the second order of smallness. To
the first approximation, condition (10) can be rewritten in the form

$° (8¢, -+ 3¢ (8, M) + $g° (B, M) 301 =7 (B85, — ) + 3¢ (6, — 1) + ¢4° (B, — 1) B

where 591 = 61 - QG 80, = 0, — 0, (here we have used the fact that
(=7, -1, is a small quantity of the second order).

But by virtue of condition (5) it follows from this that

8 (8, m) = 3¢ (8, — ) (13)
where 8t and 8w are connected by the relation
5 wde,
LA ey 7

or, to the given approximation,

Bp=3%0+ L+ 1)’ -«—-miw’* (14)

Accordingly, the function 3@(8(;, n) also has to be an even function
of 7.
30 (04, M) =80 (85, —m) on FGH (15)

The boundary conditions (9) and (15) determine the function Sw. In

order that the postulated boundary condition be permissible it is necessary
that along the arc DF

—_ (= n)"’]x < =i < (— .,))"/i

The theorem of unigqueness and existence for our flow pattern has been
proved only for the equation of Lavrent’ev and Bitsadze under certain
supplementary conditions imposed on the shape of the curve HCABCDF (see
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below)

The curved compression shock of our flow pattern is determined by the
basic equations (11) which, after the functions ¢ and t» have been found,
become differential equations for § as a function of n in the lower and
upper half-planes. In fact, we have

dab [ — do
pot S /S SR, — 16
Pt P o V2V K (¢"+%dn> e
But

1 — ’02——-91 62—61
HV—m—m = ~ (17

1/2 ! : N2— "1 AR
where, neglecting errors of the second order of smallness, N, ==1n, =7.

In formula (17) we have

O (m)=6(n), O0:(n)=0(—m) (n>0) (18)

Accordingly, we have, neglecting errors of the second order

%y (B, ) + @y (O, ) 30s + 7, (8, ™) ‘j,%* = —"ﬂ)z';—"’@— $y O M) (19)

d6 0. —0
—n (0, — M) — 9y (8, —) 861 — 95 (O, — ) 2 :e_ﬁﬂﬂﬂ ¢y (6, —m)
where 0 < 5 < 5y Moreover, the following relations must hold
61 (0) = 6, (0), 0(F") = 6(H’) (20)
The proof of the existence and uniqueness of solution of Problem II
will now be given for the equation of Lavrent’ev and Bitsadze
U,signy+ U, =0 (21)
in the region AOBCEA, where AOB is a segment of the y-axis and OA = OB,
the line BC is a straight line with slope #n/4, and the arc CEA is sym-

metrical (Fig. 5) with respect to the bisector v = x. It can be assumed
that x = 1.

¥
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Fig. 5.
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In the triangle OBC the solution has the form:

U=f{zr—y)+g=+y)
Here
g2x—1)=U (z,z—1), f(1) =0

The function g is therefore known on the basis of the boundary con-
ditions. Accordingly, on the sector OC we have

Ux+ Uy =2¢{2)

As a result of the assumption concerning continuity of the first de-
rivatives in crossing the segment OC, this equation holds good also for
the approximation to the segment OC from above. Let us now map the region
0CA conformally on the upper half of the &, 5 plane in such a way that
points which are symmetrical relative to the bisector y = x transform to
points which are symmetrical relative to the n-axis and the origin of
coordinates.

The boundary condition (24) takes the form:

U, +U,=2¢(z) ‘;—g

(20 )

Let us introduce the complex variable ® = Ug + iU7 Let QE(f. ) =
7 (£). Then in the upper half-plane we have [ 5]

-+co
y 1 ${£)d¢ , ;

If it is assumed that the boundary values of U on the curve CA have a
bounded first derivative, then at infinity we have

@ (o0) = (U, + in).g.Z_ =0

Consequently, C = 0 and, finally,

-0
i 3y dE’
Let -
D=0, + O, (28)
1 /¢ @y O aEyar
T T
“"(‘):?(g g —¢ +.§1 5'~c> 29)
1 Te@yar
T
%= | e e

—1
When £ lies outside the interval — 1 < &< 1 the function r (§) is
known as far as the boundary conditions, and consequently the function



Symmetrical flow past a symmetrical profile 1113

®,({) is known. We notice that when - 1< £< 1, we have v, g€, 0y =0,
When ~ 1 < £ < 1 we have 1 ({) = — r (~ &), so that according to (30)

Upg (8 + 0y =V (—E +0)
When & lies outside the interval — 1< € < 1 we have Uéf = 0.

Accordingly, for the determination of the function we obtain the follow-
ing Riemann-Hilbert problem:

1) Uﬁ=OWm5<—1mdi<E

2 Uy +Up=2¢ [ @) 3| — Uy (& 0) when0 <E <1 31)

3) Uy —Up =2 [¢(—5)] _“j% — U, (—E 0) when —1<E<O

G §

The solution of this problem is determined in a unique manner as a
result of the supplementary condition Qb(w) = 0; this solution has the
form:

!

4 L1 4
141 T—¢2 S ¢ (&) £

a0 ="V T ) otV =a® 32)
—1
where
cO=2@|F| ~Ua€0 ©<i<h
(33)
c®=—2[=(=8]| L] HUn(E0 (—1<E<0

By [ (1~ 42)/42]1/3 we denote that branch of this multi-valued function
which assumes a real positive value as {» €+ i0, 0< £< 1, In the same
way the existence and uniqueness of the solution is demonstrated in the
case under consideration.
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